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C CARBON NANOTUBE (CNT) BUNDLES ARE EXTREMELY interesting for engineering applications because of their density, elastic modulus, and mechanical strength [ 1 ], [ 2 ]. In particular, ambitious structures such as space elevators [ 3 ]–[ 5 ] or superbridges [ 6 ] (i.e., kilometer-long suspended bridges) could be conceived by exploiting 
the unique properties provided by CNT technology. 
 Many experimental studies exist for the evaluation of the mechani-
cal characteristics of CNTs or CNT yarns [ 7 ]; however, numerical 
studies clearly become indispensable when predictions are to be made 
for full-scale structures [ 8 ]. Due to the number of orders of magnitude 
involved, which can be up to ten in the case of superbridges or even 
15 in the case of a space-elevator megacable, problems often emerge 
because of the computing time or complexity involved. Inevitably, a 
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statistical approach is called for, and the 
issue is then to consider all relevant param-
eters and choose appropriate approxima-
tions for the problem to be analyzed. In 
this respect, the role played by defects in 
the structure at various levels is of utmost 
importance, especially in the determina-
tion of the final bundle strength [ 5 ]. 
 To address these issues, we describe 
a numerical procedure based on a hier-
archical fiber-bundle model (HFBM) [ 8 ] 
approach specifically developed to carry 
out multiscale simulations for CNT-based 
cables and estimate relevant mechanical 
characteristics such as Young’s modulus, 
strength or released energy during dam-
age progression, and evaluate the scaling 
of these properties with cable size. 
 NUMERICAL MODEL AND 
MULTISCALE APPROACH 
 MODEL 
 Simulations are carried out using a 
recently developed simulation code for 
the description of damage progression 
and acoustic emission (AE) in materials 
[ 4 ], [ 8 ]. The simulation code is based on 
an equal-load-sharing FBM approach [ 9 ], 
with randomly assigned (Weibull-distrib-
uted) fiber strengths  sCij . The specimen 
is modeled by adopting a discretization 
in  Nx bundles of  Ny fibers (correspond-
ing to CNTs or CNT bundles) and by 
applying at every time step the analytically 
calculated local loads deriving from an 
increasing externally applied stress  s 1t 2  . 
An AE event is generated whenever this 
local stress exceeds the assigned fiber peak 
stress. In this case, the corresponding 
fiber stiffness  kij is set to zero, and the 
related section (or bundle) undergoes a 
corresponding stiffness reduction. 
 Energy dissipation owing to the forma-
tion of new fracture surfaces at each AE 
event is also accounted for in the formula-
tion: energy balance requires that the vari-
ation of total potential energy  DUij 1t 2 , 
when an AE event occurs at the location 
 1 i, j 2 , needs to be compensated by the 
kinetic energy  DTij 1t 2  (released in the 
form of a stress wave) and dissipated ener-
gy  DVij 1t 2  (formation of a crack surface at 
micro- or mesoscale). Thus, we can write
  DUij 1t 2 1DTij 1t 2 1DVij 1t 2 5 0. (1) 
 The potential energy variation 
 DUij 1t 2  is related to the imposed dis-
placement  x 1t 2  , and the overall specimen 
stiffness variation  DKij 1t 2  occurring in 
correspondence with the AE event
  DUij 1t 2 5
1
2
x 1t 22DKij 1t 2 , (2) 
 whereas the dissipated energy  DVij  is 
assumed to be proportional to the newly 
created crack surfaces  Aij 
  DVij5GCAij, (3) 
where  GC is the critical strain energy 
release rate of the material. The sur-
faces  Aij can be considered constant as 
a first approximation and correspond to 
CNT cross sections in the lowest simu-
lation level. 
 MULTISCALE SIMULATION PROCEDURE 
 To tackle the size scales involved in 
the modelization of CNT megacables, 
spanning up to approximately 15 orders 
of magnitude from CNT  (,10–7 m) 
to megacable lengths, the HFBM [ 8 ] 
outlined earlier must be modified to 
accommodate multiscale simulations. 
The cable is therefore modeled as a 
 Nxk by  Nyk ensemble of subvolumes, 
arranged in parallel sections, as shown 
in  Figure 1 . Each of the (primary) 
subvolumes is in turn constituted by 
 Nx 1k212 by  Ny 1k212 (secondary) subvol-
umes, arranged in parallel as before. 
This scheme is applied for  k generations, 
down to a level 1 subvolume, which is 
constituted by a  Nx1 by  Ny1 arrange-
ment of springs or fibers represent-
ing the actual CNT ( Figure 1 ). Here, 
we adopt a scale- invariant approach, 
whereby the simulated structure appears 
the same at any given scale level (i.e., 
the length/width ratio is constant) and 
therefore  Nx15Nx25 ...5Nxk5Nx 
and  Ny15Ny25 ...5Nyk5Ny . Overall, 
the cable is constituted by a total num-
ber of CNTs given by  Ntot5  1Nx Ny 2 k . 
In silico hierarchical experiments have 
been carried out according to the fol-
lowing scheme: 
 1)  Simulations at level 1: 
 the CNTs (or f ibers in the  ◆
model) are assigned a fixed elas-
tic modulus and random failure 
strength using a (nanoscale) 
Weibull statistical distribution, 
derived from observations on 
nanotensile tests of CNTs [ 10 ] 
 linearly increasing strains are  ◆
applied to the fiber bundle 
and at each code iteration the 
number of fractured fibers is 
Level 0
(Nanotube)
Level 1
Nx1
Ny1 Ny2
Nx2 Nxk
Nyk
Level 2 . . .
. . .
Level k
FIGURE 1 Schematization of the adopted multiscale simulation procedure to determine CNT 
megacable mechanical characteristics.
Many experimental studies exist for
the evaluation of the mechanical characteristics 
of CNTs or CNT yarns.
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 computed (fracture occurs when 
local stress exceeds the CNT fail-
ure strength), and the strains are 
uniformly redistributed among 
the remaining intact fibers in 
each section (the uniform redis-
tribution is plausible for indepen-
dent CNTs. In any case, a stress 
concentration can be included 
in our model and would further 
reduce the failure stress) 
 various quantities versus time  ◆
are monitored during the 
simulation, e.g., stress–strain, 
Young’s modulus, number and 
location of fractured fibers, 
kinetic energy emitted, fracture 
energy absorbed, among others. 
The simulation  terminates when 
all fibers in one of the  sections 
become fractured, separating 
the cable into two pieces 
 the above procedure is repeat- ◆
ed many times to obtain reli-
able  statistics for the various 
computed quantities, usually 
 103–104 times for each level. 
 2)  Simulations at level 2 up to  k : 
 the second-level fibers are  ◆
those characterized in level 1 
simulations, i.e., their stiff-
ness and strength distribu-
tion are derived from level 1 
results. The same is true for 
level 3 simulations depend-
ing on level 2 results and so 
on. This means that the elas-
tic modulus and the statisti-
cal distribution of the failure 
stress of level  k  fibers are 
assigned according to those 
emerging from level  k21 
simulations; again, repeated 
displacement-controlled vir-
tual experiments are carried 
out at each level, with the same 
procedure as that outlined for 
level 1, leading hierarchically, 
at level  k,  to results for the 
full-scale CNT megacable. 
 In this approach, we assume that the 
end-to-end connections in nanotubes 
and nanotube bundles have a strength 
comparable to that of nanotubes or bun-
dles themselves, assuming a long-enough 
overlap length. With this assumption, we 
expect to obtain an upper-bound estima-
tion for the overall cable strength. 
 ROLE OF DEFECTS 
 As explained earlier, any numerical simu-
lation regarding the mechanical char-
acteristics of CNTs or CNT bundles 
without considering the role of defects 
would be unrealistic [ 4 ], [ 5 ]. Defects 
can occur both at the atomic level and 
larger scale sizes when single-fractured 
CNTs or fractured CNT bundles are 
present. These defects (or voids) can be 
introduced in the simulations by set-
ting local fiber stiffnesses  kij to zero at 
selected locations and levels. For simplic-
ity, we consider only uniformly distrib-
uted defects (with a void density of 10% 
occurring at all simulation levels) or clus-
tered defects, i.e., circular defects whose 
width is one tenth of the bundle width 
occurring at level 1 and also occurring 
with overall void density of 10%. This 
percentage can probably be expected to 
be an upper limit in void concentration, 
at least at an atomic level [ 11 ]. 
 NUMERICAL RESULTS 
 DAMAGE EVOLUTION 
 The f irst simulation is carried out at 
CNT level, i.e., the fibers in the first-
generation subvolume are  L 05 1027 m 
in length. This length value is not neces-
sarily the CNT length, but rather it rep-
resents a sort of correlation length, i.e., 
the distance beyond which a CNT rup-
ture does not influence other ruptures in 
the bundle. The fibers are  w05 1029 m 
in width, their Young’s modulus is 
 E05  1012 Pa, and their strength  sf0 is 
randomly assigned, based on the nano-
scale Weibull [ 10 ] distribution
  P 1sf 0 2 5 12exp 32 1sf 0/s0 2 n 4, (4) 
where  P  is the cumulative probability, 
and experimentally,  s05 34 GPa and 
 m < 3 for CNTs. This distribution 
accounts for the statistical variations in 
CNT strength that is to be expected for 
various reasons, including the presence of 
defects in CNTs. However, the fiber bun-
dle is considered defect free at all levels, 
i.e., all fibers are present in the grid used 
in the simulations. The strength  sf1 of 
the first-generation fiber bundle (whose 
length is  L15  L0Ny1 ) is then derived 
as the average value of those deriving 
from a large number of repeated simula-
tions (typically from  103 to  104 ), each 
with different randomly assigned local 
strengths so as to build reliable statistics. 
In contrast, the strengths of the fiber 
bundles at level 2 upward ( sf2 to  sfk ), as 
explained earlier, are directly deduced 
from the numerically simulated distri-
bution of strengths obtained at the pre-
vious level in each case. The strength 
 sfk coincides with the final strength  sf  
of the considered structure. Here, the 
results are presented for simulations with 
 Ny/Nx 5 25 and  k5 1. . .15, so that 
 L 1k1 1 2 /L 1k 2 5 10 for all  k . 
 Figure 2 shows the stress–strain be -
havior obtained when  defective or nonde-
fective bundles of total length  L5 103 m 
are considered. Brittle fracture is observed 
for a strain level of about 1.2% in the 
case of a nondefective cable. The fracture 
strain (and, consequently, fracture stress) 
is reduced by about 15% in the case of a 
cable with distributed level 1 defects and a 
further 15% in the case of circular defects 
(whose configuration is described in the 
previous section). Correspondingly, a slight 
stiffness reduction is observed. 
 The effect of defects in the CNT bun -
dle structure can be visualized in  Fig-
ure 3 , where fracture maps (i.e., the 
spatial distribution of damaged fibers) 
are shown at the start of the simulation 
 1t5 0 2  and at specimen failure  1t 5tf 2  in 
the case of a cable where a circular defect 
The simulation code is based on an equal-
load-sharing FBM approach, with randomly 
assigned (Weibull-distributed) fiber strengths.
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is initially present. The figure shows that 
cracks tend to propagate in cable sections, 
where defects are initially present because 
of stress concentrations. 
 SCALING OF CNT-CABLE 
STIFFNESS AND STRENGTH 
 The procedure outlined in the “Numerical 
Model and Multiscale Approach” section 
allows us to study the scaling of stiffness 
and strength with CNT cable length as well 
as evaluate the influence of the presence 
of defects. Scaling is assessed more than 
15 orders of magnitude, from 1027 m to 
 108 m (the latter being the space-elevator 
megacable length), although only values 
of up to  ,103 m are of practical interest 
for civil engineering applications.  Figure 
4 shows the results for the scaling of nor-
malized cable stiffness  E/E0 and  Figure 5 
for the normalized cable strength  s/s0. 
Both stiffness and strength decrease with 
increasing cable length. The main decrease 
occurs for small lengths  1,1024 m 2  and 
then continues with an almost linear (in 
log scale) drop-off for larger abscissa. Vari-
ous analytical laws for this behavior have 
been proposed by the authors [ 4 ], [ 12 ], 
[ 13 ]. Cable strength estimations, herein, 
are in good agreement with those derived 
from these analytical laws. The reduction 
with increasing cable length is particu-
larly significant for strength (75% over the 
15 orders of magnitude), while the stiff-
ness decreases only about 15% over the 
same length range. 
 As mentioned earlier, the presence of 
defects causes a nonnegligible decrease in 
cable stiffness, with a 9% overall  reduction 
in the case of a randomly distributed 10% 
void content. In this case, the effect of 
defect clustering is less pronounced, i.e., 
the stiffness reduction in the case of clus-
tered circular defects (with an overall 10% 
concentration) is virtually the same as that 
for randomly distributed defects. On the 
other hand, the presence of defects has a 
more consistent effect on the decrease of 
cable strength, with a further 13% reduc-
tion with respect to the nondefective value 
in the case of distributed defects, and a 29% 
reduction in the case of clustered circular 
defects. These simulations show how defects 
of nonnegligible size have a more pro-
nounced effect in reducing cable strength 
when compared with smaller defects with 
the same overall concentration, whereas in 
the case of cable stiffness, it is mainly the 
defect concentration that plays a role. 
 ENERGY SCALING 
 Another important quantity to consid-
er when evaluating scaling properties of 
CNT bundles is the released energy dur-
ing the damaging process, normally occur-
ring in the form of stress waves (AE). The 
latter can be detected  experimentally in 
simple, nondestructive tests, using  sensors 
 FIGURE 2  Stress–strain curves for CNT bundles up to rupture in the case of nondefective and 
defective cables. The types of defects considered are described in the text. 
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attached to the structure at various loca-
tions and the data used for health monitor-
ing. Ideally, potentially critical conditions 
could be detected prior to failure using 
the detected data in real time. However, 
AE energy does not scale trivially with 
time or with specimen size, and therefore, 
analytical and numerical data are  necessary 
to  correctly interpret experimental data 
relative to full-scale structures. 
 As explained earlier and documented 
elsewhere [ 8 ], the present model accounts 
for the dissipated energy in crack surface 
formation and yields results that are con-
sistent with the experimental results from 
AE tests used to characterize damage pro-
gression in materials. In particular, fracture 
avalanches are correctly reproduced, with 
the avalanches occurring due to the load 
transfer from broken to intact fibers in the 
course of loading. Specific distributions for 
these avalanches are known for different 
HFBMs [ 8 ], namely an asymptotic power-
law distribution with exponent 25/2 
occurring in the majority of cases [ 9 ]. The 
present model also yields a power-law dis-
tribution for released AE energy  T  
  P 1T 2 ~ T a (5) 
with an exponent  a , which typically varies 
between 21.6 and 22.1 depending on 
the chosen parameters (mainly, the cho-
sen Weibull modulus  m ). Typical results 
are shown in  Figure 6 for the mechanical 
parameters used in level 1 simulations in the 
“Model” subsection and  GC5 10 J/m2. 
Here, the cumulative distribution N(T) is 
shown. The scaling exponent is  a521.9. 
This and other numerically computed 
exponents (see [ 14 ] and references there-
in) differ from the 25/2 value but are 
closer to the experimental values found in 
literature. It has been suggested [ 14 ] that 
this power-law behavior could be indicative 
of an underlying critical dynamics of the 
process, related to the absence of a char-
acteristic length and a self-similarity in the 
microfracturing phenomenon. 
 Using the described multiscale simula-
tion procedure, the scaling of the released 
energy  T  can now be determined as a 
function of CNT cable length. Results are 
shown in  Figure 7 . A power-law increase 
(linear behavior in log–log scale) is found, 
similar to previous results relative to differ-
ent materials [ 6 ]. Results in  Figure 7 , how-
ever, are obtained in a much greater length 
range, showing the advantages of the ad -
opted multiscale simulation procedure. 
 CONCLUSIONS 
 We have presented numerical simula-
tions based on a modified HFBM [ 8 ] 
approach, with due consideration for 
 energy  dissipation and a multiscale pro-
cedure to determine scaling properties of 
CNT megacables in a wide length range.  FIGURE 6  Released energy distribution N (T) at level 1. A power-law fit is included for comparison. 
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Analyzed properties include strength, stiff-
ness, and released AE energy. The effect of 
defects on the cable stiffness and strength 
is discussed. Results show consistent reduc-
tions of strength with cable length and, to 
a lesser extent, of stiffness, and in both 
cases, the presence of defects is found to 
be nonnegligible. Power-law type behavior 
is found for energy scaling, similar to exist-
ing experimental and numerical results in 
the literature, but in this case, relative to a 
much greater length range. The numerical 
procedure shows promise and could in 
future be used in specific detailed studies 
on CNT-cable applications. 
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FIGURE 7 Numerically computed scaling properties of AE energy T . A power-law fit is included.
Defects can occur both at the atomic level and 
larger scale sizes when single-fractured CNTs 
or fractured CNT bundles are present.
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